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Abstract
In this paper we calculate the Casimir energy for spherical shell with massless
self-interacting scalar filed which satisfying Dirichlet boundary conditions on the
shell. Using zeta function regularization and heat kernel coefficients we obtain
the divergent contributions inside and outside of Casimir energy. The effect of self-
interacting term is similar with existing of mass for filed. In this case some divergent
part arises. Using the renormalization procedure of bag model we can cancel these
divergent parts.
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1 Introduction
The Casimir effect is one of the most interesting manifestations of nontrivial properties
of the vacuum state in quantum field theory[1,2]. Since its first prediction by Casimir
in 1948[3] this effect has been investigated for different fields having different boundary
geometries[4-7]. The Casimir effect can be viewed as the polarization of vacuum by bound-
ary conditions or geometry. Therefore, vacuum polarization induced by a gravitational
field is also considered as Casimir effect.
Casimir effect for spherical shells in the presence of the electromagnetic fields has been
calculated several years ago[9, 10]. A recent simplifying account of it for the cases of
electromagnetic and scalar fields with both Dirichelt and Neumann boundary conditions
on sphere is given in[11]. The dependence of Casimir energy on the dimension of space
for electromagnetic and scalar fields with Dirichlet boundary conditions in the presence
of a spherical shell is discussed in[12, 13]. The Casimir energy for odd and even space
dimensions and different fields, including the spinor field, and all the possible boundary
conditions have been considered in[14]. There it is explicitly shown that although the
Casimir energy for interior and exterior of a spherical shell are both divergent, irrespec-
tive of the number of space dimensions, the total Casimir energy of the shell remains finite
for the case of odd space dimensions. More recently a new method have been developed
for the scalar Casimir stress on the D-dimensional sphere, in [15]. In this reference the
regularized vacuum expectation values for the scalar field energy-momentum tensor in-
side and outside a spherical shell and in the region between two concentric spheres have
been calculated. Of some interest are cases where the field is confined to the inside of
a spherical shell. This is sometimes called the bag boundary condition. The application
of Casimir effect to the bag model is considered for the case of massive scalar field [16]
and the Dirac field [17]. We use the renormalization procedure in the above cases for our
problem.
Casimir effect for interacting fields has not been studied extensively. This is due to the
lack of knowledge of true vacuum of an interacting quantum theory [23]. In the other
hand the study of a massless scalar field with quartic self-interaction is very important
in different subject of physics, for example in the Winberg-Salam model of weak interac-
tion, fermions masses generation, in solid state physics [19, 20], inflationary models [21],
solitons [22, 18] and Casimir effect [23, 24].
In this paper we calculate the Casimir energy for spherical shell with massless self-
interacting scalar filed which satisfying Dirichlet boundary conditions on the shell. We use
the heat-kernel techniquse to drive the zeta function for massless self-interacting scalar
field operator. Heat kernel coefficients and zeta function of the Laplace operator on a D-
dimensional ball with different boundary conditions, both of them useful tools to calculate
Casimir energies, have been calculated in [25], [26].The problem of calculating the deter-
minant of a Lplacian-like operator A on a manifold M is very important in mathematics
[27] and physics[4, 5, 26]. In the cases which A has a discrete spectrum the determinant of
A is generally divergent. The zeta function regularization is an appropriate way for these
calculations. The zeta function method is a particular useful tool for the determination of
effective action, where one-loop effective action is given by 1
2
ln detA. Using the relation
between zeta function and heat-kernel for operator A, one can find the zeta function.
The paper is organized as follows: in the second section we briefly review the Casimir
energy inside and outside of spherical shell in terms of zeta function. Then in section 3
2
we obtain the heat kernel coefficients for massless self-interacting scalar field inside and
outside of spherical shell, after that we obtain the divergent part of Casimir energy and
introduce the classical part of total energy of system, then using the bag model renor-
malization procedure [16, 17] the renormalized Casimir energy can be obtained. Section
is devoted to conclusion.
2 Casimir energy inside and outside of spherical shell
We consider a massless self-interacting scalar field satisfying Dirichlet boundary conditions
on a spherical shell in Minkowski space-time. The Casimir energy E is the sum of Casimir
energies Ein and Eout for inside and outside of the shell. The Casimir energies in-side and
out-side of the shell are divergent individually. For free massless scalar field when we
calculate the total Casimir energy, we add interior and exterior energies to each other.
Now in odd space dimensions, divergent parts will cancel each other out [14].
The Casimir energy in- and out-side of a spherical shell for massless free scalar field with
Dirichlet boundary conditions is given by
Ein =
1
2R
(0.008873 +
0.001010
ε
), Eout =
−1
2R
(0.003234 +
0.001010
ε
). (1)
where R is a radiuse of spherical shell. Now we shall restrict our selves to a quartic
self-interaction that is
V (φˆ) =
λ
24
φˆ4. (2)
We whish to consider the Casimir energy for this new case which given by
E0 =
1
2
∑
k
λ
1/2
k , (3)
where λk are determined by the eigenvalue equation
(−△+ V ′′(φˆ))φk(x) = λkφk(x), (4)
which the scalar field satisfy Dirichlet boundary condition on the shell.
Using the zeta function for operator A which given by
A = ✷+ v”(φ). (5)
and
ζA(s) =
∑
k
λ−sk , (6)
we regularize E0 by
Ereg =
1
2
ζ(s− 1/2)µ2s, (7)
where we have introduced an unknown scale parameter µ, whit dimensions of mass to
keep the zeta function dimensionless. The zeta function (6) is the sum of zeta functions
ζin(s) and ζout(s) for inside and outside of the shell, therefore we can write
Einreg =
1
2
ζin(s− 1/2)µ2s, Eoutreg =
1
2
ζout(s− 1/2)µ2s. (8)
3
3 Heat kernel coefficients inside and outside of spher-
ical shell
Now we use the heat-kernel techniquse to drive the zeta function, the relation between
zeta function and heat-kernel is given by
ζA(s) =
1
Γ(s)
∑
k
∫
∞
0
dtts−1 exp(−λkt) = 1
Γ(s)
∫
∞
0
dtts−1K(t), (9)
where heat-kernel K(x, x′, t) satisfies the equation
(
∂
∂t
+ A)K(t, x, x′) = 0. (10)
Now we write the short-time expansion of the heat-kernel K(t)
K(t) =
∑
k
exp(−λkt) ∼ (4pit)−3/2
∞∑
k=0,1/2,1,...
(
∫
M
dvak +
∫
S2
dsck) exp(−tV ′′(φ))tk. (11)
The short-time expansion contain both volume and a boundary part, the coefficients whit
integer numbers are volume parts and the coefficients with half integer come from the
boundary conditions, for free field the heat kernel coefficients are as following
Bk =
∫
M
dvak +
∫
S2
dsck, (12)
where M is inside and outside of spherical shell and S2 is the surface of spherical shell.
The simplest first of ak and ck coefficients for a manifold with boundary are given in [28],
these coefficients in the presence of potential term are given by
a0 = 1, (13)
a1 = Q− 1
6
R (14)
a2 = (Q−R/6)2 − 1
3
✷Q− 1
90
RµνR
µν +
1
90
RµναβR
µναβ +
1
15
✷R +
1
6
R˜µνR˜µν , (15)
where Q is a potential term, in our problem Q is given by
Q = V ′′(φˆ) (16)
as one can see the akcoefficients are functions of geometric quantities, Rµναβ , Rµν and R
are respectively, Rieman, Ricci and scalar curvature tensor.
R˜µν = [∇µ,∇ν ], (17)
where ∇µ is covariant derivative. Several first boundary coefficients in asymptotic expan-
sion for Dirichlet boundary condition are as follow [28]
c1/2 = −
√
pi
2
, (18)
4
c1 =
1
3
K − 1
2
f (1), (19)
c3/2 =
√
pi
2
((
−1
6
Rˆ− 1
4
R0nn +
3
32
K2 − 1
16
KijK
ij +Q) +
5
16
Kf (1) − 1
4
f (2)), (20)
where
f (1)(z) = 1/6 +
z2
6
(2 +
z2
2
− z(z2 + 6)h(z)), (21)
f (2)(z) = −1/6 + z
2
6
(−4 + z
2
2
− 4z3h(z)), (22)
h(z) =
∫
∞
0
exp−(x2 + 2zx), (23)
where Rˆ is the scalar curvature of the boundary, K is trace of extrinsic curvature tensor
on the S2,
Kij = ∇iNj , (24)
where Nj is outward unit normal vector.
The heat kernel coefficients Bk for free scalar field with Dirichlet boundary condition for
interior region are given by[26]
Bin0 =
4pi
3
R3, (25)
Bin1/2 = −2pi3/2R2, (26)
Bin1 =
8pi
3
R, (27)
Bin3/2 =
−pi3/2
6
, (28)
Bin2 =
16pi
315R
. (29)
The coefficients for exterior region are
Bexti = B
in
i , i = 1/2, 3/2, ... (30)
Bexti = −Bini , i = 0, 1, 2, ... (31)
In the presence of self-interaction the heat kernel coefficients for inside and outside changed
as following
Bk = (
∫
M
dvak +
∫
S2
dsck)(V
′′(φˆ))3/2−k−s (32)
then we have
Bin0 =
∫
M
dva0V
′′3/2−s =
∫
M
dv(
λ
2
φˆ2)3/2−s, (33)
Bin1/2 =
∫
S2
dsc1/2V
′′1−s =
−√pi
2
∫
S2
(
λ
2
φˆ2)1−sds, (34)
Bin1 = (
∫
M
dva1 +
∫
S2
dsc1)V
′′1/2−s =
∫
M
(
λ
2
φˆ2)3/2−sdv +
2
3R
∫
S2
(
λ
2
φˆ2)1/2−sds (35)
Bin3/2 =
∫
S2
dsc3/2V
′′−s =
−pi3/2
6
∫
S2
ds(
λ
2
φˆ2)−s +
√
pi
2
∫
s2
(
λ
2
φˆ2)1−sds, (36)
5
Bin2 = (
∫
M
dva2 +
∫
S2
dsc2)V
′′−1/2−s =
∫
M
[
λ2
4
φˆ4 (37)
− λ
6
✷φˆ2](
λ
2
φˆ2)−1/2−sdv +
∫
S2
4
315R3
(
λ
2
φˆ2)−1/2−sds,
here R is radiuse of spherical shell. Now we can rewrite the zeta function (9) for inside
and out side of spherical shell.
ζ inA (s) =
1
(4pi)3/2Γ(s)
∑
k=0,1/2,1,...
Bink Γ(s+ k − 3/2) (38)
Similarly for outside we have
ζoutA (s) =
1
(4pi)3/2Γ(s)
∑
k=0,1/2,1,...
Boutk Γ(s+ k − 3/2) (39)
The first five coefficients of heat kernel expansion contribute to divergences of zeta func-
tions inside and outside of spherical shell. Using (8) we can write
Eindiv =
µ2s
2(4pi)3/2Γ(s− 1/2)[B0Γ(s− 2) +B1/2Γ(s− 3/2) (40)
+ B1Γ(s− 1) +B3/2Γ(s− 3/2) +B2Γ(s)].
Similarly
Eoutdiv =
µ2s
2(4pi)3/2Γ(s− 1/2)[−B0Γ(s− 2) +B1/2Γ(s− 3/2) (41)
− B1Γ(s− 1) +B3/2Γ(s− 3/2)− B2Γ(s)].
Wemust mention that for heat kernel coefficients Bk in Eqs.(40,41) s→ s−1. At this stage
we recall E0 as given by (3) is only one part of total energy. There is also a classical part.
We can try to absorb Ediv into the classical energy for inside and outside of spherical shell
separately. This technique of absorbing an infinite quantity into a renormalized physical
quantity is familiar in quantum field theory and quantum field theory in curved space
[8]. Here, we use a procedure similar to that of bag model [16, 17](to see application of
this renormalization procedure in Casimir effect problem refer to [29, 30]). The classical
energy of spherical shell may be written as,
Eclass = PR
3 + σR2 + FR +K +
h
R
, (42)
where P is pressure, σ is surface tension and F , K,h do not have special names. In odd
space dimensions, for free massless scalar field divergent parts inside and outside cancel
each other out, then we do not need to renormalize the parameters in the classical energy,
but in massive case, when we add the interior and exterior energgies to each other, there
are only two contributions, which are divergent. In our problem there is similar situation,
as one can see, in Eqs.(40,41) when we add divergent parts inside and outside, all terms
cancel each other, unless B1/2 and B3/2 terms
Ediv = E
in
div + E
out
div =
µ2s
(4pi)3/2Γ(s− 1/2)[B1/2Γ(s− 3/2) (43)
+ B3/2Γ(s− 1/2)].
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Therefore the Casimir energy for this general case becomes divergent. The total energy
of the shell maybe written as
Etot = E0 + Eclass (44)
In order to obtain a well defined result for the total energy, we have to renormalize some
parameters of classical energy according to the below:
K → K − µ
2s
(4pi)3/2
[
−pi3/2
6
∫
S2
ds(
λ
2
φˆ2)−s +
√
pi
2
∫
s2
(
λ
2
φˆ2)1−sds] (45)
σ → σ + µ
2s
16piR2Γ(s− 1/2)Γ(s− 3/2)[
−√pi
2
∫
S2
(
λ
2
φˆ2)1−sds]. (46)
Hence the effect of the self-interacting scalar quantum field is to change, or renormalize
some parameters of classical energy of system. Once, the terms Ediv have been removed
from E0, the remainder is finite and will be called the renormalized Casimir energy. Using
Eq.(8) and Eqs.(38,39) we have
Eren = E0 −Ediv = µ
2s
2
(ζ inA (s− 1/2) + ζoutA (s− 1/2)) (47)
− Ediv = µ
2S
(4pi)3/2Γ(s− 1/2)
∑
k=5/2,3,...
Γ(s+ k − 2)(Bink +Boutk ).
4 Conclusion
In this paper we have considered the Casimir energy for massless self-interacting scalar
field in a spherical shell. The scalar field satisfy Dirichlet boundary condition on the
shell. Unlike to the main part of previous studies on the scalar Casimir effect, here
we adopt the Casimir energy with interacting quantum field. To obtain the divergent
parts of energy inside and outside of spherical shell, we calculate the first five heat kernel
coefficients for operator A = −✷ + V ′′(φˆ). Previous result of heat kernel coefficients for
Laplace operator [16, 26] have been changed for our problem. The new result are given
by Eqs.(32-37). In free massless case when we add divergent parts inside and outside, all
divergences cancel each other out, but in interacting scalar field case, exactly similar to
the massive case, divergent parts inside do not cancel the divergent parts outside of shell.
The renormalization procedure which is necessary to apply in this situation is similar to
that of the bag model [16, 17]. At this stage we introduce the classical energy and try to
absorb divergent part into this classical energy. The renormalization can be achived now
by shifting some parameter of classical energy by an amount which cancel the divergent
contribution. After the subtraction of divergent contribution, the remainder is finite and
will be called the renormalized Casimir energy.
References
[1] G. Plunien, B. Mueller, W. Greiner, Phys. Rep. 134, 87(1986)
[2] V. M. Mostepaneko, N. N. Trunov, Sov. Phys. Usp. 31(11) November 1988
7
[3] H. B. G. Casimir, Proc. K. Ned. Akad. Wet. 51, 793(1948)
[4] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, Zeta Regu-
larization Techniques with Applications(World Scientific, Singapore, 1994)
[5] E. Elizalde, Ten Physical Applications of Spectral Zeta Functions, Lecture Notes in
Physics(Springer Verlag, Berlin, 1995)
[6] V. M. Mostepanenko and N. N. Trunov. The Casimir Effect and its Applications.
(Oxford Science Publications, New York, 1997)
[7] A. A. Saharian. The Generalized Abel-Plana Formula, Applications to Bessel Func-
tions and Casimir Effect. hep-th/0002239
[8] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space, (Cambridge
University Press, 1986)
[9] T. H. Boyer, Phys. Rev. 174, 1764(1968)
[10] K. A. Milton, L. L. DeRaad, and J. Schwinger, Ann. Phys. (N.Y)115, 338(1978)
[11] V. V. Nesterenko, I. G. Pirozhenko, Phys. Rev. D57, 1284(1998)
[12] C. M. Bender, K. A. Milton, Phys. Rev. D50, 6547(1994)
[13] K. A. Milton. Phys. Rev. D55, 4940(1997)
[14] G. Cognola, E. Elizalde, K. Kirsten. Casimir Energies for Spherically Symmetric
Cavities. hep-th/9906228
[15] A. A. Saharian. Phys. Rev. D63, 125007, (2001).
[16] M. Bordag, E. Elizalde, K. Kirsten and S. Leseduarte. Phys. Rev. D56, 4896 (1997).
[17] E. Elizalde, M. Bordag and K. Kirsten. J. Phys. A: Math. Gen. 31, 1743 (1998).
[18] R. Rajaraman, Solitons and Instantons: An Introduction to Solitons and Instantons
in Quantum Field Theory (North Hollamd, Holland, Amsterdam, 1982).
[19] H. E. Stanley, Introduction to Phase Transitions and Critical Phenomena (Oxford
University Press, London, 1972).
[20] M. Le Bellac, Quantum and Statistical Field Theory (Oxford SciencePublications,
London, 1991).
[21] A. H. Guth, Phys. Rev.D23, 347 (1981).
[22] R. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D10, 4131 (1974).
[23] K. Langfeld, F. Scmu¨ser and H. Reinhardt, Phys. Rev.D51(2), 765 (1995).
[24] J. A. Nogueira and P. L. Barbieri. hep-th/0108019.
[25] M. Bordag, E. Elizalde and K. Kirsten, J. Math. Phys 37, 895(1996).
8
[26] M. Bordag, E. Elizalde, B. Geyer and K. Kirsten, Comm. Math. Phys. 179, 215
(1996).
[27] D. B. Ray and I. M. Singer. Adv. Math. 7, 145,(1971).
[28] I. G. Avramidi, Soviet. J. Nucl. Phys. 56, 1, (1993).
[29] M. R. Setare, and R. Mansouri. Class. Quant. Grav. 18, 2331, (2001).
[30] M. R. Setare. Class. Quant. Grav. 18, 4823, (2001).
9
